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Measuring the Agency Cost of Debt
ANTONIO S. MELLO and JOHN E. PARSONS*

ABSTRACT

We adapt a contingent claims model of the firm to reflect the incentive effects of the
capital structure and thereby to measure the agency costs of debt. An underlying
model of the firm and the stochastic features of its product market are analyzed and
an optimal operating policy is chosen. We identify the change in operating policy
created by leverage and value this change. The model determines the value of the
firm and its associated liabilities incorporating the agency consequences of debt.

THE OPTIMAL CAPITAL STRUCTURE for a firm is now widely regarded to be
determined by a broad range of factors including a mix of tax effects, the
various agency problems associated with different securities, and the various
costs of issuing securities, including the costs created by adverse selection.
While the existence of a theoretical optimum has been demonstrated in a
variety of papers, a less explored area has been the construction of detailed
models that enable us to measure each of the relevant factors for a particular
company and thereby to determine the actual optimal mix for that firm. This
gap in our understanding is particularly glaring in the case of agency costs.
In order to allow a careful modelling of strategic relations, the parameters of
most agency models are either so simplified that it is impossible to associate
them with measurable parameters of a real world case, or else the models
simply abstract from certain critical factors—such as a robust measure of
price risk—that must be incorporated into any real application. For example,
although we now understand that sinking funds, dividend restrictions, and
other bond covenants help to resolve the conflict of interest between bond-
holders and equity, we do not yet have much in the way of models with which
to determine the optimal parameters of these very covenants.

Contingent claims models can provide a consistent framework for multi-
period valuation that properly accounts for risk, but they usually abstract
from the agency factors entering capital structure decisions. When using a
contingent claims model to value a firm’s securities it is common to take the
value of the firm itself as governed by an exogenously defined stochastic
process. The value of the firm’s securities are then derived from this underly-
ing value, and, as Merton (1974) points out in his paper on the pricing of
risky debt, the Modigliani-Miller theorem obtains so that the value of the
firm is independent of the value and the type of debt.

In order to apply the contingent claims techniques to a setting in which
agency problems are central, some adaptation is necessary. In this paper we
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make the value of the firm an endogenous function of (1) an underlying
stochastic variable describing the firm’s product market and of (2) the man-
agement’s choice of operating and investment decisions. The management
maximizes the value of the equity claim as valued using a traditional
contingent claims model, and this in turn determines the actual realized
stochastic process that will describe the value of the firm and its debt.
Different assumed financial structures will induce different operating strate-
gies and therefore different realized stochastic processes for the value of the
firm. The divergence of the chosen operating policy away from the first best
operating policy gives rise to an agency cost of debt, and we are able to use
the contingent claims model to precisely measure this cost and to identify
how it varies with the underlying parameters of the model and with the
relative profitability of the firm.

Earlier work on this type of problem includes Brennan and Schwartz
(1984) and Fischer, Heinkel, and Zechner (1989). The former authors analyze
the equity owners’ optimal reinvestment and external financing policy over
time given constraints imposed by pre-existing bond covenants. The latter
consider the equity owners’ optimal recapitalization policy in light of transac-
tion costs and the tax benefits of debt, and they are able to then prescribe
optimal ex ante call values to be included in the debt contract as it is
originally written.

In this paper we focus on a specific production problem and analyze how
the existence of debt directly changes the equity owners’ choice of an operat-
ing policy for the business. The Brennan and Schwartz (1985) contingent
claims model for valuing a mine is extended to incorporate the financial
structure and to recognize the effects of the agency problems. An interesting
benefit of using their model is that we are able to identify precisely the
changes in the operating policy of the mine that are induced by the outstand-
ing debt and thereby to directly relate the agency costs of debt with clearly
suboptimal decisions in real production. The agency problems that arise are
the underinvestment problem identified by Myers (1977), as well as the costs
of bankruptcy. Our model measures these costs and thereby compares the tax
benefits of debt with the agency costs of debt.

In Section I we extend the standard contingent claims model of the firm to
incorporate the incentive effects of leverage on the firm’s choice of operating
policy. In Section II we apply this model to the task of measuring the agency
costs. In Section III we present some numerical results and perform some
analysis. We conclude in Section IV.

I. A Contingent Claims Valuation of a Mine in the Presence of
Agency Costs

Brennan and Schwartz (1985) analyze a firm that owns a mine with a
commodity inventory, @. When the mine is open the commodity is extracted
at a constant annual rate, g, and at a constant real average annual cost, a.
When the mine is closed a constant real annual maintenance cost, m, is
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incurred. Corporate taxes are paid at rate 7 on net income, and it is assumed
that full offsets are allowed. At any point in time the mine can be closed at a
real cost %2; and reopened at a real cost k,. The mine can also be costlessly
abandoned.

Several crucial assumptions are made on the stochastic structure of the
commodity price. First, the real spot price of the commodity, s, is determined
in a competitive market and follows the exogenous process

ds = psdt + osdz, (1)

where dz is the increment to a standard Gauss-Wiener process; o, the
instantaneous standard deviation of the spot price, is assumed to be known
and constant; and u is the instantaneous drift in the real price. Second, it is
assumed that there is a traded futures contract on the commodity. Then,
following Ross (1978), if the convenience yield on the commodity is a constant
proportion of the spot price, k(s) = ks, and if there exists a known constant
real interest rate, r, the real price of a futures contract maturing in  periods
is given by f(s, ) = se =%,

The market value of the mine, v = v(s, @; j, ¢), is a function of the current
commodity price, s, of the inventory, @, of whether the mine is currently
closed or open, j = 1,2, and of the optimal operating policy, ¢. An operating
policy is described by three functions defining three critical commodity prices:
50(@), the price, for a given inventory level, at which the mine is abandoned if
it is already closed, s,(®), the price for a given inventory level, at which the
mine is closed if it was previously open, and s,(Q), the price, for a given
inventory level, at which the mine is opened if it was previously closed,
¢ = (sy, 81, 89). Throughout the remainder of the paper we suppress the
argument @, and write each of these functions simply as s;, i = 0,1,2. The
extraction rate for an open mine is assumed constant at g. Applying Ito’s
lemma of stochastic calculus the instantaneous change in the value of the
mine is given by dv= vy,ds + v,dQ +'/,v,.(ds)?. The cash flow from the
mine is [g(s —a)j — 1) — m(2 — )1 — 7). Using an arbitrage argument
similar to Black and Scholes (1973) the differential equation governing the
value of the closed mine is written

Yo 2st,,(s,@Q;1) + (r — k)sy(s,Q;1) —m(1 — 1) —rv(s,Q;1) =0, (2)
and the value of the open mine is written ’
/20%5%,(5,Q:2) + (r = K)su (s, @3 2) — que(s, Q52)
+q9(s—a)(1—1) —rv(s,Q;2)=0. (3)
Associated with this pair of equations are four boundary conditions:

v(s,0;j) =0, (4)
v(s,Q;1) =0, (5)
v(s1, @;2) = max{v(s;, @;1) — ky(1 — 7),0}, (6)

v(sy, @;1) = v(s;, Q;2) — ky(l — 7). (7
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The first best operating poliey ¢ = (83, s75, sI'P) is characterized by the
following first order conditions:

v(s57,Q;1) =0, (8)
v,(sTB Q;1) ifv(sf®,Q;1) —k(1—17)=0
v(sFB. Q:9) =
(s17,Q:2) = 1 if v(sFB,Q;1) —ky(1— 1) <0, )
y(s3%,@Q;1) = u(s57,Q;2). (10)

solving equations (2) and (3) subject to boundary conditions (4)—(10), we
derive simultaneously the first best value of the mine and the first best
operating policy, v'2 and ¢7E.

If the firm is financed in part with debt, then the first best solution will not
generally be chosen by managers acting in the interest of equity holders
because the debt creates agency problems in the operation of the mine. The
actual value of the firm will be determined by the operating policy chosen to
maximize the value of the levered equity, the second best operating policy. To
correctly value the firm and its associated liabilities we incorporate the effect
of leverage into the Brennan and Schwartz (1985) model’s derivation of the
optimal operating policy. '

We assume that the mine is financed in part with a bond described by a
time path of the outstanding principal balance P(¢) and by a constant
continuous coupon rate c. The interest payments on the bond, cP(¢), are tax
deductible. We assume that there will be some point in time, T, such that
Vit > T, P(¢) =0, and we will call this the final maturity date of the bond.
This covers a large range of possible debt structures. For example, a bond
with constant amortization would satisfy the condition that V¢ < T, P, +
c¢P = 8. A bond with a balloon payment at maturity can be approximated by a
bond with zero principal payments until close to maturity, Vi < T — &,
P, = 0 and with continuous and quickly increasing principal payments as
maturity approaches, ¢ > T'— ¢ then P, » « as t - T. If T is much larger
than the life of the mine, then this bond is comparable to a perpetuity.! When
the assumed bond structure is very complicated it may have the appearance
of a debt policy rather than of a single instrument. Our model values the firm
given any assumed structure or policy. However, we do not allow the struc-
ture to be costlessly altered ex post to avoid bankruptcy. We solve for the
optimal debt policy ex ante.

Before going back to revalue the levered mine it is necessary to value the
equity since it is this value that will be maximized in choosing the firm’s
actual operating policy. The market value of the equity, e = e(s, @, ¢; j, ¢'), is
a function of the current commodity price, s, of the inventory, @, of the
current time period, ¢, of whether the mine is currently closed or open,
j=1,2, and of the modified operating policy, ¢’'. The modified operating

! For other payment structures that can be solved using the methodology of this paper see
Mello and Parsons (1991).



Measuring the Ageney Cost of Debt 1891

policy acknowledges the right of the equity owners to default on the bond and
is described by three functions defining three critical commodity prices:
s4(Q, t) is the price, for any given inventory at time ¢, at which the equity
owners default, while s,(®, ¢) and s,(Q, ¢) are, as before, the prices, for any
given inventory at time ¢, at which the mine is closed or opened, respectively,
¢’ = (s4, 81, S3). Once again, we generally suppress the arguments @ and ¢,
and write each of these functions simply as s;, i = d, 1,2. Upon default the
firm is sold at its then current value, v(s, @, ¢; j) and these proceeds go to the
bondholders. This possibility of default, of course, gives the equity owners a
compound call option on the value of the mine. Consequently the value of the
equity is time dependent and hence path dependent. Again, applying Ito’s
lemma, the instantaneous change in the value of the equity is given by
de = e.ds + eodQ + e,dt +'/,e,,(ds)?. The cash flow from the equity is
[g(s —aXj— 1) —m@2 - )1 —7)+ P, — (1 — 7)cP(¢). The last two terms
are the principal payment and the after tax interest payment on the bond.
Then the differential equation governing the value of the equity when the
mine is closed is:

1/zcrzszess(s,Q,t;l) + (r—«k)se,(s,Q,t;1) +e,(s,Q,¢;1)
-m(l—-7)+P,—(1—7)cP(t) —re(s,Q,¢t;1) =0, (11)
and when the mine is open is:
1/20232685(3,Q,t;s) + (r — k)se(s,Q,t;2) — qeq(s,Q,t;2)
+e,(s,Q,t;2) +q(s —a) (1 —7) + P, — (1 — 7)cP(¢t)

—re(s,Q,t;2) =0. (12)

Associated with this pair of equations are also four boundary conditions:
e(s,0,t;7) =0, (13)
e(sq,Q,t;1) =0, (14)
e(sy,Q,t;2) = max{e(s;,Q, ;1) — ky(1 — 7),0}, (15)
e(sy, @, 8;1) = e(sy,@,1;2) — ky(1 — 7). (16)

The equity owner’s optimal operating policy, ¢'? = (s5, sF, s¥') is charac-
terized by the following first order conditions: :

(s, Q,t;1) =0, (17)
e(sf,Q,t;1) ife(sf,Q,t;1) —k(1-7)>0

esf,Q 152) = (U@ ED TEL A THO T E0 g
0 ife(s;,Q,t;1) —ky(1—17) <0,

ei(s3,@,t;1) = e(s3,Q,t;2), (19)

The value of equity, e?, and the optimal operating policy, ¢'F = (s%, sF, sP),
are derived simultaneously as the solution to the two differential equations
(11) and (12) using boundary conditions (13)—(19).
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To determine the value of the levered firm it is necessary to solve the pair
of differential equations:

Vo2t (s,Q,t;1) + (r — k)su(s,Q, ;1) + v,(s,Q,¢;1)
—m(l—17)+ 7cP(t) —rv(s,Q,¢;1) =0, (20)
and
1/2a'zszvss(.5',({?,t;2) + (r — k)sy(s,Q,t;2) — quy(s,Q,t;2)
+v,(s,Q,t;2) + g(s —a)(1 — 1) + 7cP(t) —rv(s,Q,¢;2) = 0. (21)

along with boundary conditions based upon the operating policy that is
optimal for the equity owners:

v(s,0,¢;j) =0, (22)
v(s,Q,t7) =v"™(s,Q;)), Vt=T (23)
v(s7,Q,t;1) = aw™(s7,Q; 1), (24)

v(sf, Q,t;2) = max{v(sf,Q,¢;1) — ky(1 — 7),0}, (25)
v(s3,Q,t;1) = v(s3,Q,£;2) —ky(1— 7). (26)

The value for the levered mine calculated using this system of equation is
denoted v”.

Boundary condition (24) requires some comment. Upon default the firm is
put to the bondholder. The case in which the firm is subsequently operated
according to the first best operating policy is equivalent to setting o = 1.
Another more general case incorporates the possibilities that either (1) there
are costs of financial distress associated with bankruptcy, or (2) the bond-
holder cannot operate the firm and must reorganize it with a similar
debt /equity structure—thereby reproducing the agency problem. This case is
described by letting a € [0, 1). The parameter o measures the significance of
the costs of financial distress, and as a approaches zero these agency costs
increase.

The value for the outstanding bond is the difference between the total
value of the mine and the value of the equity:

bP = P — eP. (27)

To illustrate the model we calculated values for v, ef, and b% for a
hypothetical example with input parameter listed in Table I. To our knowl-.
edge there is no closed-form solution to these various systems of equations. It
is, however, possible to solve this system of equations using numerical
methods as we have done for the hypothetical mine. The input parameters for
our example are given in Table 1. The critical commodity prices characteriz-
ing the equity owners’ optimal operating policy at the initial inventory and at
t=0, s(@Q,t), sf(Q,t), and sf(Q,t), are displayed in Table II and con-
trasted with the critical commodity prices characterizing the first best operat-
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Table I
Data for the Hypothetical Mining Firm

Total inventory in the ground: @ = 150 million pounds
Annual real production for an open mine: g = 10 million pounds
Average real production costs: a = $0.50 /pound
Maintenance costs for a closed mine: m = $0.0/year
Closing and opening costs: ky = ky = $2 million
Real interest rate: r = 2% annually
Commodity price variance: 0% = 8% annually
Convenience yield: k = 1.5% annually
Corporate income tax rate: 7= 34%

Table II

The Levered Firm’s Choice of an Operating Policy

The Bond Contract
par value $5.24 million
coupon rate 2%
annual debt service $0.4 million
final maturity date 15 years

Factor of firm’s first best value at bankruptcy: « =0

Critical Commodity Prices?® First Best Equity Owner’s Optimal
($/pound) Operating Policy Operating Policy
abandonment /default s&B =0.00 sF =040
closing sfB = 0.59 sP =054
opening s¥B = 0.84 sP =079

# All values for the critical commodity prices in the optimal operating policies
are calculated at the initial inventory given in Table I, 150 million pounds, and
at ¢ = 0.

ing policy at the initial inventory, s{2(Q), s¥3(Q), and s{2(Q). The values for
the levered firm, v, levered equity, e, and for the bond, b7, are displayed in
Table III.

II. Measuring the Agency Cost of Debt

It is important to note that in general the operating policy chosen to
maximize the value of the equity claim will not be identical with the first best
operating policy, (s7, s¥, sl) # (skB, sFB, sFB).2 Without any agency costs of
debt the value of the levered firm would be the first best value of the firm
plus the interest tax shield of debt. Each added unit of debt increases the
value of the firm by the value of its associated interest tax shields. The
presence of agency costs modifies this. At first, with no debt outstanding, a

% More accurately, VQ > 0, ¢t < T, (s5(Q, ), sT(Q, 1), s2(Q, 1) # (sIB(Q), sTE(Q), s{B(Q)).
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Table IIL
The Value of the Levered Firm and Its Liabilities
The Bond Contract
par value $5.24 million
coupon rate 2%
annual debt service $0.4 million
final maturity date 15 years

Factor of firm’s first best value at bankruptcy: « =0

Firm Value Equity Value Bond Value
Commodlty vP(s, Q) t).]) eP(S) Qyt;j) bP(sy Qyty.])
Price (closed)  (open) (closed) (open) (closed) (open)
s j=1 j=2 j=1 j=2 j=1 j=2
0.05 0 0 0
0.10 0 0 0
0.15 0 0 0
0.20 0 0 0
0.25 0 0 0
0.30 0 0 0
0.35 0 0 0
0.40 0 0 0
0.45 2.71 0.32 2.39
0.50 5.80 1.84 3.97
0.55 8.80 6.90 4.14 3.45 4.66 3.46
0.60 12.08 10.79 7.01 6.83 5.07 3.96
0.65 15.44 15.26 10.30 10.69 5.14 4.57
0.70 19.15 19.58 13.93 14.81 5.22 4.73
0.75 '23.03 24.07 17.97 19.08 5.16 4.99
0.80 28.52 23.44 5.09
0.85 32.99 27.84 5.15
0.90 37.46 32.28 5.18
0.95 41.92 36.72 5.20
1.00 46.40 41.18 5.22

marginal increase in debt has the same effect as before, increasing the value
of the firm above the first best value by the size of the interest tax shields. As
the size of debt increases, however, the marginal agency costs grow so that
for large values of debt the total agency costs may far outweigh the total tax
shields making the value of the levered firm less than the first best.

Our objective is to directly measure the agency costs associated with a
particular financial structure. To do so we need to separate the effect of the
tax shield for any outstanding bond: we define n as the value of the interest
tax shield earned by the firm operated according to the policy ¢'. The value of
the interest tax shield is the solution to the following pair of differential
equations:

1/20'28277SS(S,Q,t;1) + (r — k)sny(s,Q,t;1) + n,(s,Q,¢;1) |
+ 7cP(t) —rn(s,Q,t;1) =0, (28)
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and,

Yot (5,Q,¢;2) + (r — k)sn,(s, @, 52) — qng(s, Q,t;2)
+ 1,(s,Q,t;2) + 7cP(t) —rn(s,Q,¢;2) = 0. (29)

along with the boundary conditions:

n(s,0,t;7) =0, (30)
n(s,Q,t;7) =0, Vt>T (31)
n(sf,Q,t;1) =0, (32)
n(st,Q,t;2) = n(st,Q,t;1), (33)
n(s3,Q,t;1) = 1(s3,@Q,1;2). (34)

The agency costs of the debt P(¢) can then be defined as

¥(s,Q,t57) =v™(s,Q5)) — [vF(s,Q,¢;5) — 27(s,Q,t;/)]. (35)

This is a precise measure of the value lost when the equity owners, because of
the outstanding debt, change the operating policy from the first best.

Since the operating policy chosen to maximize the value of the equity is not
the first best operating policy, the value of the levered firm is less than the
first best value of the firm plus the interest tax shields, v? < v'8 + %, the
difference being the agency cost of debt. In Table IV the values for v’ are
compared against the values for v for the sample parameters described
above, and the interest tax shields, ¥, and the agency costs of debt, %, are
calculated.

The total agency costs reported in the tables are the consequence of three
different changes in the firm’s operating policy. First, the abandonment
decision and its consequences is a straightforward example of the deadweight
costs of financial distress that have been much discussed in the literature
(see Shapiro and Titman (1986)). Second, the shareholders change the firm’s
policy for when to close the mine, s¥ < sF5, keeping it open longer than is
Pareto optimal in the face of a falling commodity price. By spending the
money to close the mine the firm saves on operating costs and preserves the
limited inventory until the price rises again. However, the shareholders will
bear the full expense of closure and do not enjoy the full benefits. They
gamble that the commodity price may rise again without having fallen too
far. In this case they will have avoided paying out of their own pockets the
fixed cost of closure and then once again the fixed cost of reopening the mine.
Third, the shareholders are also changing the firm’s policy for when to reopen
the mine, s < sfB, opening it sooner than is Pareto optimal in the face of a
rising commodity price. The shareholders have an interest in extracting the
inventory as quickly as possible, since in the event of a future price decline
they may have to put to the debtholders whatever remains of the inventory.



The Journal of Finance

1896

00 c0'0 9920 0¥ 9% ST9v 00T
T0 00 99¢°0 ¢6'1¥v 0LV G6°0
c0 L00 992°0 ov'LE 9%'LE 06°0
0 (490 99¢6°0 66CE ¥8°¢¢ G8'0
80 LT (44v 970 9960 ¢S'8¢6 L¥'8¢ 0v'LS 080
91 g'e 8€°0 ¢80 G9¢°0 996°0 LOVE €0°€¢ 81v¢ 6G°€¢ GL'0
9'¢ 6°'G gL'0 8T'1 ¥9¢°0 ¥9¢°0 84961 SgT'61 ¥0°0% L0°0g 0.0
TL 00T 140! 89T 192°0 293¢0 921 1481 7191 9891 G9°0
891 (A1 €1'e 489 LG20 LSG°0 6L°0T 80°¢T L9°G1 76'€1 09°0
g'ee €7¢ g€¢'¢ LG 7960 ¥v6'0 06'9 08'8 €11 §gg'0
9'LE 8¢€ ¢1c0 08°'G L6'8 090
L29 g€ev 9610 TLe 069 Sv'0
00T IT's 0 0 IT's 070
00T 09'¢ 0 0 09°¢ ge0
00T 9€'c 0 0 9€'e 0€0
00T 6€°T 0 0 6€'T G20
00T 69°0 0 0 69°0 020
00T G20 0 0 §gc0 ST'0
00T 00 0 0 S0°0 010
00T 000 0 0 000 00
g=r 1= e=! 1=/ g=f 1=f g=f 1=f{ g=f 1=( $
(uado)  (PIsO) (uedo) (pesord) (uodo)  (pesop)  (uedo)  (POSOY) (uado)  (PIsO) soug
aa¥ a’ a0 = gl oggt =g (L1209 s)l (L'®s)yn (L7°DS)gyn Aypowrao)
1sog 18114 JO % an[eA 9IMosqy SPIOIYS X8, anJeA wary anfeA ulirgy
$1800) Kouady PpoIeAd] }sog I8I1q
0=7v :Aoydnisueq e onyea }soq ISIy S ULIY JO 10J0BH

sxeak GT 97ep Ajumjewr [euy

UOL[[IWI §°0$ 901AIOS }gOp [BNUUER

%% 91e1 uodnod

UOI[[TW $5°G$

anyea 1ed

j0eI}U0)) puoyd 9YJ,

199( 30 350D Aoudldy Y,

AII9EL



Measuring the Agency Cost of Debt 1897

ITI. Results

How significant are the agency costs of debt? Suppose that the current
price of the commodity is $0.80/pound. An open mine would have annual
revenues at this price of $8 million, annual costs of $5 million, and a net cash
flow after tax of $1.98 million. If the firm operating an open mine has
outstanding a bond with 15-year maturity and constant annual debt service
payments of $0.4 million we can see from Table III that its present value is
$28.52 million. The bond would have a market value of $5.09 million, that is
less than 18% of the firm value, a very low debt-to-value ratio. Moreover, the
firm’s current annual cash flow is five times its annual debt obligation.
Clearly the probability of bankruptcy appears very small, and many would
imagine that the agency costs of the debt should be correspondingly minis-
cule. From Table IV we read that the agency costs of this quantity of debt are
$0.22 million, or eight-tenths of a percent of firm value. In terms of the
amount of debt sold, however, these agency costs are close to 4.3%, a very
large value. This should be compared to other costs such as underwriting fees
and administrative expenses which are usually 1.3% of the value of a debt
offering according to Mikkelson and Partch (1986).

As mentioned earlier, this total agency cost is a combination of various
factors—the suboptimal opening and closure policies and the dead weight
cost of bankruptcy. To disentangle these causes and to explore the signifi-
cance of the pure operational factors we reparameterize our model setting
a =1 so that there are absolutely no dead weight costs associated with
bankruptcy: the bondholders receive the first best value of the firm. The
results for this case are displayed in Table V. When, as before, the current
price of the commodity is $0.80/pound the firm operating an open mine and
with outstanding a bond with 15-year maturity and constant annual debt
service payments of $0.4 million has a present value of $28.64 million. Not
shown in the table, the bond would have a market value of $5.20 million,
again close to 18% of the firm value. The agency costs of debt in this case are
$0.10 million, about one half of the total agency costs from the previous
example. The agency costs of debt amount to three-tenths of a percent of firm
value or almost 2% of the value of debt sold.

Agency costs of this magnitude would certainly be an important determi-
nant of the firm’s capital structure decision even though the firm appears far
from bankrupt. Table VI contains results also displayed in Figures 1 and 2.
In Figure 1 we graph the levered firm’s value as a function of its debt-to-value
ratio. When the commodity price is $0.65/pound and the mine is open the
first best value of the firm is $16.141 million. An outstanding 15-year bond
with a 2% coupon and constant annual debt service payments totalling $0.01
million offers tax shields worth $0.007 million. The agency costs are $0.005
million and the value of the levered firm is $16.143 million. The bond is
valued at $0.228 million giving a debt-to-value ratio of less than 2%. Higher
debt loads only lower the value of the firm since the marginal tax shields are
less than the marginal agency costs of debt. When the commodity price is
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Table VI
The Optimal Quantity of Debt
The Bond Contract
coupon rate 2%
final maturity date 15 years

Factor of firm’s first best value at bankruptcy: a =0

Panel A: Initial Commodity Price, s = $0.65 /pound

Fixed Annual bond Payment First Best Levered
Principal + Interest Firm Value Tax Shields  Agency Costs  Firm Value
[P(#) —P(t+ D] +cP() vFB(5,Q,42 17(5,@,62 ¢P(5,Q,42 v7(5,Q,42)
0.000 16.141 0.000 0 16.141
0.005 0.003 0.001 16.143
0.010 0.007 0.005 16.143
0.015 0.010 0.013 16.138
0.020 0.013 0.024 16.130
0.025 0.017 0.030 16.128
0.030 0.020 0.035 16.126
0.035 0.023 0.041 16.123
0.040 0.027 0.074 16.094
0.045 0.030 0.081 16.090
0.050 0.033 0.107 16.067
0.1 0.067 0.395 15.813
0.2 0.133 0.787 15.487
0.3 0.197 1.142 15.196
0.4 0.261 1.144 15.258
0.5 0.322 1.470 14.993
0.6 0.378 1.466 15.053
0.7 0.432 2.012 14.561
0.8 0.486 2.046 14.581
0.9 0.487 2.494 14.134
1.0 0.503 3.038 13.606

Panel B: Initial Commodity Price, s = $1.00/pound

Fixed Annual Bond Payment First Best Levered
Principal + Interest Firm Value Tax Shields Agency Costs  Firm Value
[P(t) — P(¢t + D] + cP(¢) vB(5,Q,82) 1%, @,t;0) ¢T(s,Q,t;2) vP(s,Q,¢;2)
0.0 46.152 0.000 0 46.152
0.5 0.333 0.036 46.449
1.0 0.660 0.146 46.691
1.5 0.974 0.442 46.685
2.0 1.243 1.686 45.709
2.5 1.462 2.698 44916
3.0 1.610 6.697 29.690
3.5 1.615 10.497 30.237
4.0 . 1.381 20.849 23.224

4.5 1.063 27.867 18.249
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Figure 1. The effect of debt on the value of the firm. The value of a levered firm owning a
mine with parameters specified in Table I. The current commodity price is $0.65/pound. The
bond outstanding has a maturity of 15 years and a coupon rate of 2%. As the constant annual
debt service payments are increased the debt-to-value ratio increases. The value of the levered
firm initially increases due to the marginal benefits of interest tax shields. As the debt-to-value
ratio further increases the marginal agency costs rise and the value of the firm begins to fall.

higher, $1.00/pound, the marginal agency costs are lower. This can be seen
in Figure 2 where the optimal debt-to-value ratio is much higher. The first
best value of the firm is $46.152 million. The interest tax shields associated
with a 15-year 2% bond with annual debt service payments of $1.0 million
raises the firm value to $46.691 million. The tax shields are valued at $0.66
million and agency costs equal to $0.146 million. The debt to value ratio is
now just under 28%. Higher debt ratios lower the value of the firm overall.

It is interesting to explore the consequences of varying the structure of the
debt on the total agency costs and the value of the firm. A popular rule of
thumb is to match the maturity structure of the firm’s liabilities to the
maturity structure of its assets. In the case at hand, this rule of thumb would
suggest that a constantly amortized bond matching the constant extraction
rate of the mine and with a maturity matching the life of the inventory of the
mine should be optimal. However, this is not necessarily correct. The matu-
rity structure of the assets is very complicated, and ultimately depends upon
the stochastic nature of the commodity price and the operating options
available to the firm. These in turn depend upon the capital structure of the
firm and the operating policy it induces. To highlight the simultaneity we
contrast the results of two numerical examples.
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Figure 2. The effect of debt on the value of the firm at a higher current commodity
price, s = $1.00 / pound. The value of a levered firm owning a mine with parameters specified
in Table I. The bond outstanding has a maturity of 15 years and a coupon rate of 2%. As the
constant annual debt service payments are increased the debt-to-value ratio increases. The value
of the levered firm initially increases due to the marginal benefits of interest tax shields. As the
debt-to-value ratio further increases the marginal agency costs rise and the value of the firm
begins to fall.

Consider first the possibility of lengthening the time to maturity on the
bond while keeping the present value of the bond constant. In Panel A of
Table VII we show this comparison. At an initial commodity price of
$0.45 /pound and a firm with an outstanding bond with annual debt service
payments totalling $0.5 million for 5 years faces a high probability of
bankruptcy. The levered firm has a value of $1.602 million—compared to a
first best value of $6.9 million. The market value of the bond is $1.374
million, a discount of 42% from par value. It is possible to design a bond with
longer maturity, lower total debt service, and with an approximately equiva-
lent market value: 15 years, $0.047 annually, and current market value
$1.390. If this longer maturity bond is substituted or exchanged for the
shorter maturity bond, then the value of the firm rises by over $5 million or
more than three times. While the tax shields on the two bonds are almost
equal, the longer maturity bond has significantly lower agency costs, the
difference being the difference in firm value of $5 million. The shorter
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Table VII
The Effect of Maturity Length on Agency Cost

Panel A: Initial Commodity Price, s = $0.45 /pound

Final
Maturity Annual Bond Levered Firm Value Bond Value Tax Shields Agency Costs
Date Payments vP(s, Q, ;1) bP(s,@,6;,1) 7f(s,@, ;1)  y¢f(s,Q,t1D
5 years 0.5 1.602 1.374 0.30 5.598
15 years 0.047 6.836 1.390 0.31 0.374
Panel B: Initial Commodity Price, s = $0.65/pound
Final
Maturity Annual Bond Levered Firm Bond Value  Tax Shields Agency Costs
Date Payments vP(s, Q, ¢ 1) bP(s,Q,t;1) 1%, Q, ;1) ¢l(s,Q,t;1)
5 years 1.75 15.209 - 8.212 0.164 1.095
15 years 0.95 13.581 8.207 0.478 3.037

maturity bond with its attendant high nominal debt service requirements
puts the firm in imminent danger of bankruptcy. The equity holders’ call
option on the firm is way out of the money, and they are unlikely to want to
continue to pay the debt service and maintenance costs in order to maintain
their option. Only a very quick rise in prices will keep the firm out of costly
bankruptcy. The longer maturity bond has lower debt service and an effec-
tively longer time to maturity on the equity holders’ call option. There is an
attendant greater probability that their option will finish in the money, and
consequently a lower probability of costly bankruptcy.

Extending the maturity of the bond and lowering the debt service pay-
ments does not always increase the value of the firm. When the firm is far
from bankruptcy the owners will pay off the short-term bond and quickly
return to a first best operating policy. In the meantime, if the term of the
bond is short, then the total variance in price is relatively small, and the firm
is likely to continue open, never making a suboptimal closing decision. If the
maturity of the bond is lengthened, the firm will operate levered for a longer
period of time, and the total variance in the price during this term is
correspondingly greater. The firm is more likely to hit the close and open
trigger prices repeatedly. While the firm is levered it will be opening and
closing according to less than first best policy, lowering the value of the firm.
The increased time to maturity also increases the possibility that the price
will fall far enough to induce costly bankruptcy. A shorter maturity bond
forces the equity holders to make the exercise decision relatively quickly
when their option is in the money, and hence avoids this costly bankruptcy
choice. This case is demonstrated in Panel B of Table VII. At an initial
commodity price of $0.65/pound, and with an outstanding bond-paying an-
nual debt service of $0.95 million for 15 years, the firm has a value $13.581
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million. The bond has a market value of $8.207 million. The maturity of the
bond could be shortened to 5 years with annual debt service payments
totalling $1.75 million, and its value would be approximately the same at
$8.212. The value of the firm would rise to $15.209 million because the
agency costs would have fallen by nearly $2 million.

IV. Conclusion

In this paper we have shown how to adapt a contingent claims model of the
firm to reflect the incentive effects of the capital structure and thereby to
measure the agency costs of debt. An important feature of our model is the
existence of an underlying. analysis of the firm and the stochastic features of
its product market. We solve directly for the operating policy that is optimal
for the equity owners and compare this with the first best operating policy.
Our measure of the agency costs of debt is directly related to this underlying
change in the use of the productive assets. The model determines the value of
the firm and its associated liabilities incorporating the agency consequences
of debt as well as the tax benefits.

Extending the agency literature to incorporate contingent claims tech-
niques enables us to make a more refined use of the insights developed in
that literature. The contingent claims technique yields a measure of agency
costs that is robust to variations in the underlying parameters including the
stochastic variable determining the firm’s value. This measure can then be
used to compare different capital structures and to analyze the agency effects
under different circumstances facing the firm. We have already illustrated in
this paper how the model can be used to compare the size of the agency costs
associated with alternative maturity lengths of comparable debt instruments,
depending upon the price of the firm’s product. We also believe that this
model can be extended to analyze debt contracts of fundamentally different
design.
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